Abstract. In this paper, we consider a nonlinear hyperbolic system of balance laws in Eulerian coordinates arising from a continuum traffic flow model whose source term consists of a relaxation and an extra term related to the non-uniform road widths. We establish the existence and large-time stability of traveling wave solutions for the initial value problem of such system. Contrast to previous results, there are four types of traveling waves according to the stability of the equilibria at x = ±∞. Under the entropy condition, the original and modified subcharacteristic conditions, together with a subsonic condition, we show by the weighted energy method that each type of traveling waves is asymptotically stable under small perturbations.
Introduction
We consider the following nonlinear hyperbolic system of balance laws in Eulerian coordinates arising from the non-equilibrium traffic flow model    (aρ) t + (aρu) x = 0,
where a = a(x,t) = a(x − st) is a given traveling wave with speed s related to the road width, ρ, u are the density and velocity for the flow of the vehicle, 
2)
The first equation in (1.2) stands for the conservation of vehicle, while the second one describes drivers' acceleration behavior. In general, the equilibrium speed V * and the traffic sound speed c may depend on a x , a t [37] . However, since a x , a t are very small in our consideration, their effects can be ignored in V * and c. Without loss of generality, we will demonstrate our results in the case V * (ρ) = 1 − ρ, (1.3) in which the maximal density and the free flow speed are normalized to 1. The model (1.1) simulates the traffic behavior near a particular vehicle or a moving barrier with low constant speed s, which blocks a single lane on a multi-lane highway. The speed s > 0 (s < 0 respectively) means that the barrier moves in the same (respectively opposite) direction with the other vehicles. The case s = 0 expresses that the barrier does not move. In order to simplify the description of the physical meaning for model (1.1), we use the moving coordinate z = x − st with z = 0 standing for the location of the barrier. In addition, we define z > 0 (z < 0 respectively) as the front (back respectively) of the barrier. In this paper, we focus on the following two situations: (A) The other vehicles blocked by the barrier need to change lane when they arrive at a certain distance from the back of the barrier; see figure  1 (a); (B) the other vehicles do not occupy the same lane with the barrier until they exceed the barrier by a certain distance in front of the barrier; see figure 1(b). We study how the traffic density changes with these two situations and when the density forms a traveling wave together with its stability. In this investigation, we always consider the traffic flow as a continuum fluid. (1.5)
Model (1.4) can be reformulated as a new relaxation system consisting of the relaxation term 1 τ (f (a,ρ) − m) with nonconvex equilibrium flux f (a,ρ), and the term a x P involving the traffic sound speed and the road width. In addition, compared to the previous models in [15, 17, 18, 19, 21, 22, 24, 25, 38, 41] , the flux g in (1.4) is more general due to the non-uniform road width and the non-constant traffic sound speed.
In this paper, we study the existence and nonlinear asymptotic stability of the traveling wave solutions (a(z),U (z),V (z)), z = x − st, to the following initial value problem:       ρ t + m x = 0, m t + g(a,ρ,m) x = a x P (a,ρ) + 1 τ f (a,ρ) − m , (a,ρ,m)(x,0) = (a,ρ 0 ,m 0 )(x) → (a ± ,ρ ± ,m ± ) as x → ±∞, m ± = f (a ± ,ρ ± ), (1.6) where g, f , P are as in (1.5) , and a = a(z) is a monotone function satisfying the two-point boundary value problem da dz = R(a) := κ(a − a − )(a − a + ), a → a ± as z → ±∞.
(1.7)
Here, κ ∈ R is an important parameter controlling the behavior of the traveling wave solutions. The equation (1.7) simulates the behavior of the drivers when they change lane behind (or in front of) the barrier. Sinceρ = aρ and 0 < ρ < 1 in our problem, it means thatρ < a. Throughout this paper, we consider the following two cases of a, U at z = ±∞:
With the speed s given in system (1.1), the traveling waves a(z),U (z),V (z) together with their end states (a ± ,ρ ± ,m ± ), where m ± is given in (1.6), satisfy the RankineHugoniot condition
and the entropy condition
where
Moreover, a(z),U (z),V (z) also satisfy the original sub-characteristic condition
To obtain the nonlinear stability of the traveling wave profiles for our system, we focus on those traveling waves with U (z) monotone. In addition, we impose two extra conditions on the traveling waves (a(z),U (z),V (z)):
Note that, (1.11) is equivalent to u 2 < c 2 (ρ). We recall the previous results related to this topic. The general hyperbolic conservation laws with relaxation were first studied by Liu [18] and later by Chen, Levermore, and Liu [1] . In [18, 21, 25] , the subcharacteristic condition (1.10) was imposed for the existence and stability of traveling wave solutions. The asymptotic stability of traveling waves of scalar viscous conservation laws with nonconvex flux was studied by Matsumura and Nishihara [27] , where a weighted energy estimate was invented for the stability results. When a is a constant, i.e. the road is uniform, the model (1.1) was first derived by Zhang [40] . Such a model, with constant traffic sound speed in Lagrangian coordinates, can be transformed into
When g is linear and f is nonconvex in (1.13), the existence and stability of traveling waves was obtained by Liu, Wang, and Yang [25] , and the results were extended to general g by Li and Liu [21] . In [21, 25] , the analogous weighted energy methods as in [27] were used for the stability results. The decay rate for the traveling waves of (1.13) was obtained by Li-Liu [21] and Liu-Woo-Yang [24] . We refer the readers to [3, 8, 10, 11, 14, 20, 32, 42] for more details of the existence and stability of solutions to relaxation systems and [4, 9, 13, 16, 22, 30, 31, 34] for the description of traffic flow models.
The above results give comprehensive contributions to the relaxation systems of traffic flows with uniform roads. However, these results cannot be applied to our system with non-uniform roads. Indeed, due to the appearance of a, the forms of flux and source in (1.4) become more complicated. Therefore, some difficulties arise to establish our results. First, unlike the results in [17, 21, 22, 25] , the equation for the traveling wave U is non-autonomous. Therefore, we augment the equation by adding (1.7) and consider the 2 × 2 system (2.11). This causes the variety of the stabilities near the equilibria (a + ,ρ + ) and (a − ,ρ − ) in (2.11). Therefore, more techniques in dynamical systems such as the Central Manifold Theorem must applied. Second, to control the behaviors of traveling waves near the equilibria, we need to restrict the value of κ in (1.7). Indeed, the suitable choices of κ will lead to the monotonicity of U , which is necessary for the stability result. Finally, when we consider the stability of traveling wave solution (a,U,V )(x − st), if (3.1) fails, then the perturbed solution (a,ρ,m)(x,t) will approach neither (a,U,V )(x − st) nor any of its shift (a,U,V )(x + x 0 − st) as t → ∞.
In our model (1.4), the traffic sound speed is not constant and the road width is not uniform. So, the flux g also contains m and a, and the equilibrium flux f along the traveling wave solutions may not be concave in case (A) (or convex in case (B)) due to the appearance of a in f . It follows that the traditional or weighted energy estimates, together with the original subcharacteristic condition in [18, 21, 25] , fail to provide the stability of the traveling wave solutions. To overcome the difficulty, we use the weighted energy estimates coupled with the subsonic and modified subcharacteristic conditions (1.11)-(1.12) to achieve the stability results.
We now give the notation of the weighted function space and state our main theorem. Given a weight function w ≥ 0, we let L 2 w denote the space of measurable functions g satisfying √ wg ∈ L 2 with norm
Also, let H j w , j > 0, denote the weighted Sobolev space with the norm
. Theorem 1.1. Consider the initial value problem (1.6), (1.7), where |ρ + −ρ − | is sufficiently small. Then, with the speed s given in system (1.1), there exist the traveling wave solutions (a,U,V )(x − st) together with their end states (a ± ,ρ ± ,m ± ) satisfying the conditions (1.8)-(1.10), such that U (z) is monotone. Moreover, (A1) ifρ − <ρ + < a + < a − fulfill (2.14) and κ satisfies (2.20), then the profiles of (a,U,V )(x − st) are not unique and the orbits of (a,U ) are tangent to (0,1)
T at the equilibria (a + ,ρ + ) (sink) and (a − ,ρ − ) (source); (A2) ifρ − <ρ + < a + < a − fulfill (2.15) and κ satisfies (2.20), then the profile of (a,U,V )(x − st) is unique and the orbit of (a,U ) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle-node) and (0,1) T at (a − ,ρ − ) (source), where r 1 (a + ,ρ + ) is as in (2.13); (B1) ifρ + <ρ − < a − < a + fulfill (2.16) and κ satisfies (2.22), then the profile of (a,U,V )(x − st) is unique and the orbit of (a,U ) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle) and (0,1) T at (a − ,ρ − ) (source), where r 1 (a + ,ρ + ) is as in (2.13); (B2) ifρ + <ρ − < a − < a + fulfill (2.17) and κ satisfies (2.22), then the profile of (a,U,V )(x − st) is unique and the orbit of (a,U ) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle) and (0,1) T at (a − ,ρ − ) (saddle-node), where r 1 (a + ,ρ + ) is as in (2.13). In addition, under the conditions (1.11) and (1.12), there exists a constant ζ > 0 such that if
and the weight function w is defined as
then the initial value problem (1.6), (1.7) has a unique global solution (a,ρ,m)(x,t) satisfying
Conditions (2.14)-(2.17) in Theorem 1.1 gives the mechanism to decide the magnitude of road-blocking |a + − a − | by the difference of the densities between the upstream and downstream of the car flow. Since the weights w(a,U ) in cases (A1), (A2), and (B1) are bounded, the space L 2 w in the above theorem is equivalent to L 2 . In the case (B2), w(a,U ) blows up as z → −∞, which will be explained in Section 3. So, we cannot remove the weight in this case.
The paper is organized as follows. In Section 2, we derive the subcharacteristic condition for system (1.1) and prove the existence of the desired traveling wave profiles to (1.6), (1.7) by the trapping region method. We classify the traveling wave solutions due to the stability of the equilibria at z = ±∞. In Section 3, we reformulate the stability problem by using the perturbations in [3, 17, 19, 21, 24 ] to the underlying traveling wave solutions. In Section 4, the weighted energy estimates in [17, 19, 21, 24, 29] are extended to our system with more general flux and source. The desired a priori estimates are obtained for the nonlinear stability of traveling wave profiles. Following the weighted energy method, we establish the nonlinear stability of traveling wave solutions for (1.6), (1.7) under conditions (1.8)-(1.12). In the last section, we give some conclusions of our results.
Traveling wave solutions
In this section, we prove the existence of traveling wave solutions to (1.6). We first derive the sub-characteristic condition of (1.4), which enables us to give the range of the traveling speed for the existence of traveling waves. To start, using the Chapman-Enskog expansion [18] to (1.4), we have the first order expansioñ
with the equilibrium characteristic fρ(a,ρ), and the second order expansioñ
On the other hand, system (1.4) can be written as
which means that (1.4) is strictly hyperbolic with characteristics λ 1 < λ 2 , where
The derived equation (2.2) is well-posed only if the diffusion coefficient β(a,ρ) is positive. From (2.3) and (2.4), it follows that
Thus, by the results of [18] , the stability criterion becomes
which means that fρ(a,ρ) is sub-characteristic. Next, letting z = x − st, we now prove the existence of the traveling wave solutions
In this paper, we look for the traveling wave solutions corresponding to the shock waves for (2.1). So, the traveling wave solutions together with speed s and constant statesρ ± , a ± satisfy the Rankine-Hugoniot condition (1.8), the entropy condition (1.9), and the sub-characteristic condition (1.10). Note that the sub-characteristic condition (1.10) is based on (2.5), (2.14)-(2.17), and the assumption thatρ − ,ρ + are sufficiently close. We look for the profiles of traveling wave solutions to (1.6) which satisfy (2.6) and the system
where g, f , and P are in (1.5). From the first equation of (2.7), V z = sU z . Plugging this into the second equation of (2.7), we obtain
Integrating the first equation of (2.7) over (±∞,z) and using (2.6), we have
Note that the above equality holds by the Rankine-Hugoniot condition. Combining (2.8) with (2.9), we arrive at
and V in (2.10) is replaced by the function of U under (2.9). We observe that (2.10) is a non-autonomous equation due to the appearance of a, so the analysis in [21] cannot be applied directly. To overcome the difficulty, we augment (2.10) by adding the equation (1.7) for a. Then, we have the following equivalent 2 × 2 system:
where Q is given in (1.9). To prove the existence of solutions to (2.11), we use the Stable Manifold Theorem, the Center Manifold Theorem, and the method of trapping regions. To get the nonlinear stability of our traveling waves a(z),U (z),V (z) , we tend to find those U with monotonicity. We consider the following two cases of a, U at z = ±∞:
Under (1.10), we have gρ + sg m − s 2 > 0 along the traveling wave solutions. So, from the definitions of Q and R, we can easily find that the system (2.11) has at least three equilibria including (a + ,ρ + ) and (a − ,ρ − ) in both cases (A) and (B). Moreover, all of the equilibria lie exactly on the intersection of the lines a = a ± and the curve Q(a,ρ) = 0; see figures 2(a)-3(b). Our strategy is to find in each case a suitable trapping region whose boundary contains (a + ,ρ + ), (a − ,ρ − ). Also, the other equilibria lie outside the closure of the region. Now, we study the stability of (a + ,ρ + ) and (a − ,ρ − ). Let Λ denote the variational matrix of (2.11). Then the eigenvalues of Λ are
It follows that the eigenvalues of Λ| (a+,ρ+) and Λ| (a−,ρ−) are respectively
The corresponding right eigenvectors at (a − ,ρ − ) and (a + ,ρ + ) are respectively
According to the stability of (a + ,ρ + ) and (a − ,ρ − ), we further divide cases (A), (B) into the following subcases: (A1) If κ > 0,ρ − <ρ + < a + < a − and
then Qρ(a + ,ρ + ) < 0 and Qρ(a − ,ρ − ) > 0, which implies that (a − ,ρ − ) is a source and (a + ,ρ + ) is a sink. (A2) If κ > 0,ρ − <ρ + < a + < a − and 15) then Qρ(a + ,ρ + ) = 0 and Qρ(a − ,ρ − ) > 0, which implies that (a − ,ρ − ) is a source and (a + ,ρ + ) is a saddle-node. (B1) If κ < 0,ρ + <ρ − < a − < a + and 16) where C > 1 is a constant, then Qρ(a + ,ρ + ) > 0 and Qρ(a − ,ρ − ) > 0, which implies that (a − ,ρ − ) is a source and (a + ,ρ + ) is a saddle. (B2) If κ < 0,ρ + <ρ − < a − < a + and 17) then Qρ(a + ,ρ + ) > 0 and Qρ(a − ,ρ − ) = 0, which implies that (a − ,ρ − ) is a saddle-node and (a + ,ρ + ) is a saddle. There are still two cases,
and
which are not included in our list. However, after proving the existence of the desired solutions for (A1)-(B2), we will show that these two cases can be ruled out under the entropy condition (1.9). Next, we find a trapping region in each subcase and prove the existence of those solutions a(z),U (z) with U monotone.
For case (A1), we define
and choose the parameter κ in (1.7) satisfying θ < κ < αθ, (2.20) where α > 1 is a constant. It follows that
By the Stable Manifold Theorem, if the solutions exist, then their orbits are tangent to r 2 (a + ,ρ + ) at (a + ,ρ + ) and r 2 (a − ,ρ − ) at (a − ,ρ − ). We now find a trapping region for case (A1). Let D 1 be the region enclosed by the curves {Γ 
,
where a * > a + ,ρ * <ρ + ,
and (a * ,ρ * ) is sufficiently close to (a + ,ρ + ); Let n denote the unit outer normal to the boundary of our trapping region and
T be the vector field of (2.11). To prove the existence of the solutions, it is sufficient to show that D 1 is a negative invariant region, which means that n · F | Γ i
is given as follows:
In this case, we have
Thus, by the choice of κ (2.20) and above inequalities, we obtain
, in view of (2.21) and by P a | Γ 2 
We then show the existence of the solutions of (2.11) for case (A1). For case (A2), choose the parameter κ as given in (2.20) . We have Then, by the Center Manifold Theorem, there exists a unique 1-dimensional stable manifold W s (a + ,ρ + ) tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ), and the analytic center manifold W c (a + ,ρ + ) of (a + ,ρ + ) is exactly the line a = a + . In addition, the Stable Manifold Theorem states that if the solutions exist, then their orbits are tangent to r 2 (a − ,ρ − ) at (a − ,ρ − ).
To describe the trapping region for case (A2), we let D 2 be the region enclosed by the curves {Γ A similar analysis to case (A1) gives that D 2 is a negative invariant region, which implies the existence of the solutions. Note that D 2 contains the stable manifold W s (a + ,ρ + ) in the zone {a + < a < a − } and leaves the analytic center manifold W c (a + ,ρ + ) outside its closure, except for the equilibrium (a + ,ρ + ). We see that all center manifolds of (a + ,ρ + ) must be tangent to W c (a + ,ρ + ) at (a + ,ρ + ). So, a solution a(z),U (z) along any center manifold of (a + ,ρ + ) will eventually leave our trapping region as z → ∞. Thus, the solutions in our trapping region D 2 are tangent to r 2 (a − ,ρ − ) at (a − ,ρ − ) as z → −∞ and then along the stable manifold W s (a + ,ρ + ) until z = ∞; moreover, the orbit of these traveling waves is unique.
Next, we turn to case (B1). Define
and choose the parameter κ in (1.7) satisfying
where α ′ > 1 is a constant. It follows that
Then, by the Stable Manifold Theorem, if the solutions exist, then the orbits are tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) and r 2 (a − ,ρ − ) at (a − ,ρ − ).
We define the region D 3 enclosed by the curves {Γ Following an analogous analysis as in case (A1), we calculate the follows terms.
(1) On Γ 1 3 , following the facts that
In this case,
Thus, by the choice of κ (2.22) and above inequalities, we obtain
> 0. Since (a + ,ρ + ) in this case is a saddle, by the above analysis we have the existence and uniqueness of the solution up to a shift in case (B1).
In case (B2), choose κ as in (2.22). Then we obtain
The Center Manifold Theorem implies that there exists a unique 1-dimensional unstable manifold W u (a − ,ρ − ) tangent to r 1 (a − ,ρ − ) at (a − ,ρ − ) and the analytic center manifold W c (a − ,ρ − ) of (a − ,ρ − ) is exactly a = a − . The Stable Manifold Theorem says that if the solutions exist, then the orbit is unique and tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ). The definition of the trapping region D 4 for case (B2) is just the same as that of D 3 in case (B1); see figure 3(b). Applying a similar argument to case (B1), we have that D 4 is a negative invariant region, which leads to the existence of the solutions. The closure of the trapping region D 4 contains the analytic center manifold W c (a − ,ρ − ) in the zone {ρ + ≤ρ ≤ρ − } and leaves the unstable manifold W u (a − ,ρ − ) outside except for the equilibrium (a − ,ρ − ). Hence the orbit of the solutions is tangent to r 2 (a − ,ρ − ) at (a − ,ρ − ).
We now claim that, under the entropy condition (1.9), the states satisfying (2.18) or (2.19) do not exist. To show this, by previous analysis, the solutions a(z),U (z) satisfy eitherρ − < U (z) <ρ + orρ + < U (z) <ρ − . In case (A), (1.9) implies
Considering a as a function of U and taking z → ∞, we obtain
Then, (2.12) implies the desired result for case (A). The argument for case (B) is similar. We have the following lemma for the existence of the desired traveling waves to (1.6), (1.7).
Lemma 2.1. Consider the initial value problem (1.6), (1.7), where |ρ + −ρ − | is sufficiently small and (a ± ,ρ ± ,m ± ) is as in (1.6). Let the speed s be given in (1.1).
(A1) Ifρ − <ρ + < a + < a − fulfill (2.14) and κ satisfies (2.20), then there exist traveling wave solutions (a,U,V )(x − st) satisfying the conditions (1.8)-(1.10) such thatρ − < U <ρ + . The orbits of (a,U )(x − st) are tangent to r 2 (a + ,ρ + ) at (a + ,ρ + ) (sink), and r 2 (a − ,ρ − ) at (a − ,ρ − ) (source). (A2) Ifρ − <ρ + < a + < a − fulfill (2.15) and κ satisfies (2.20), then there exists a unique profile of traveling wave solution (a,U,V )(x − st) satisfying the conditions (1.8)-(1.10) such thatρ − < U <ρ + . The orbit of (a,U ) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle-node) and r 2 (a − ,ρ − ) at (a − ,ρ − ) (source). (B1) Ifρ + <ρ − < a − < a + fulfill (2.16) and κ satisfies (2.22), then there exists a unique profile of traveling wave solution (a,U,V )(x − st) satisfying the conditions (1.8)-(1.10) such thatρ + < U <ρ − . The orbit of (a,U )(x − st) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle), and r 2 (a − ,ρ − ) at (a − ,ρ − ) (source). (B2) Ifρ + <ρ − < a − < a + fulfill (2.17) and κ satisfies (2.22), then there exists a unique profile of traveling wave solution (a,U,V )(x − st) satisfying the conditions (1.8)-(1.10) such thatρ + < U <ρ − . The orbit of (a,U )(x − st) is tangent to r 1 (a + ,ρ + ) at (a + ,ρ + ) (saddle), and r 2 (a − ,ρ − ) at (a − ,ρ − ) (saddle-node).
We emphasize that, in contrast to the other cases in Lemma 2.1, the traveling waves of (1.6), (1.7) in case (A1) may not be unique even up to the shifts of profiles. To see this, let W s (a + ,ρ + ), W u (a − ,ρ − ) be respectively the stable manifold of (a + ,ρ + ) and the unstable manifold of (a − ,ρ − ). Then, we have
which implies the multiplicity of the traveling wave profiles.
In the end of this section, we prove that U (z) in our traveling wave solutions to each case of Lemma 2.1 is strictly monotone, which is given in the following lemma. Lemma 2.2. Let (a(z),U (z),V (z)) be a traveling wave solution of (1.6), (1.7) given in Lemma 2.1. Then, U (z) is strictly monotone. Furthermore, |U z | ≥ C|a z | for all z ∈ R and some constant C > 0.
Proof. We give the proof for case (A1) of Lemma 2.1; the proofs for the other cases are similar. In this case, we want to prove that U (z) is strictly increasing. Let Σ 1 be the portion of {(a,ρ) : Q(a,ρ) = 0} between (a + ,ρ 1 ) and (a − ,ρ − ), where (a + ,ρ 1 ) is the equilibrium outside D; see figure 1. It is easy to verify that Q a > 0 on Σ 1 . To see Qρ > 0 on Σ 1 , we let
Also let (a 0 ,ρ 0 ) denote the point in {Q = 0} such that a 0 := min{a : Q(a,ρ) = 0}. By a direct calculation, Σ 0 is the line passing through the origin and (a 0 ,ρ 0 ). Then, from the definition of Σ 1 , we observe that dist(Σ 0 ,Σ 1 ) > 0 and Σ 1 lies on the region of {Qρ > 0}. Hence, Qρ| Σ1 ≥ C 1 for some constant C 1 > 0. It follows that there exists a constant C 2 < 0 such that
which implies thatρ on Σ 1 is a strictly decreasing function of a. Next, let Σ 2 be the portion of {(a,ρ) : Q(a,ρ) + τ R(a)(P − g a ) = 0} between (a + ,ρ 1 ) and (a − ,ρ − ). Following a similar analysis, for such C 2 , we can find sufficiently small |a + − a − | such that ρ on Σ 2 is also a strictly decreasing function of a.
If U (z) is not strictly increasing, then there exists a point z 0 ∈ R such that U z (z 0 ) = 0. It follows that (a(z 0 ),U (z 0 )) ∈ Σ 2 and F (a(z 0 ),U (z 0 )) is transversal to Σ 2 , sinceρ on Σ 2 is also a strictly decreasing function of a. So, the orbit of (a(z),U (z)), z > z 0 lies on the left of Σ 2 , in which the second component of F is negative. Therefore, by the fact that Σ 1 is decreasing, we have F (a(z),U (z)), z > z 0 , is also transversal to Σ 1 , which means that (a(z),U (z)) leaves the trapping region D for large z. We then have the contradiction.
We have shown that | Uz az | > 0 for all z ∈ R. By Lemma 2.1 and the properties of eigenvectors r 1 and r 2 at the end states (a ± ,ρ ± ), we have | Uz az | ≥ C as z → ±∞ for some constant C > 0, which implies that | Uz az | ≥ C for all z ∈ R. 3. Reformulation of the stability problem From the results of Section 2, we are able to find the traveling wave profiles of problem (1.6), (1.7). To clarify the stability problem, some comments are in order. For any fixed a(x − st), and given end states (a ± ,ρ ± ,m ± ), Lemma 2.1 states that, in cases (A2), (B1), and (B2), the problem admits only one profile of traveling wave solution with U monotone, while in case (A1) there exist multiple profiles of traveling wave solutions. We can easily find from figure 2(a) that two different profiles of solutions (a,U 1 ,V 1 )(x − st), (a,U 2 ,V 2 )(x − st) in (A1) correspond to two different initial total masses; more precisely,
Now, with a fixed road width condition a(x − st) and given a traveling wave solution (a,U,V )(x − st) of (1.6) in Lemma 2.1, we reformulate the stability problems of (a,U,V )(x − st) for all cases (A1)-(B2), which will be given as follows:
Suppose (a,ρ,m)(x,t) is a perturbed solution of the traveling wave (a,U,V )(x − st). Then the solution (a,ρ,m)(x,t) exists globally and approaches the traveling wave solution (a,U,V )(x − st) as t → ∞ if the difference of the total mass is zero, that is,
Otherwise, if (3.1) fails, then the perturbed solution (a,ρ,m)(x,t) will approach neither (a,U,V )(x − st) nor any of its shift (a,U,V )(x + x 0 − st) as t → ∞. In this situation, (a,ρ,m)(x,t) of case (A1) will approach another traveling wave profile (a,
if the perturbation is small enough. Moreover, we are not able to predict the behavior of (a,ρ,m)(x,t) in the other cases if (3.1) fails. The stability is obtained based on the weighted energy estimate, which can be considered as the extension of the results in [17, 21, 25] . We look for the perturbed solution in the following form:
(a,ρ,m)(x,t) = (a,U,V )(z) + (0,φ z ,ψ)(z,t), (3.2) where z = x − st. Since the traveling wave solution (a,U,V )(x − st) satisfies (3.1), the first equation of (1.6) implies that
To start, we substitute (3.2) into (1.6). In view of (2.7), and after integrating the first equation with respect to z, we obtain that the perturbation (φ,ψ) satisfies
3)
The first equation of (3.3) gives
Substituting (3.4) into the second equation of (3.3), we obtain the equation for φ given by
(3.5)
Here,
Q is in (1.9), and
We notice that L is more complicated than the ones in [17, 21, 25] due to the form of the flux, relaxation, and the appearance of a. The corresponding initial data of (3.5) become
Then, the asymptotic stability of (U,V ) indicates that the perturbation (φ z ,ψ) decays to zero as t → ∞.
To carry out our results, we give the weight function w(a,U ) in (1.14) . Note that the behavior of the traveling wave solutions is closely related to the properties of w and the function spaces involved with w. By the results in Section 2, it is obvious that w > 0 for all traveling wave solutions of (1.6). Furthermore, for any given traveling wave solution (a,U,V )(z) in all of our cases (A1)-(B2), since
we have w(a(z),U (z)) ≥ C as z → ±∞ for some constant C > 0. This implies that w is bounded below by a positive constant and hence
On the other hand, we investigate whether w goes to infinity as z → ±∞. For cases (A1), (A2), and (B1), since the orbits of (a,U )(z) are not tangent to the curve {(a,ρ) : Q(a,ρ) = 0} at the two end points (a ± ,ρ ± ), w does not blow up as z → ±∞ and hence we obtain that the weighted spaces L 2 w and H j w , j > 0, are equivalent to the usual spaces L 2 and H j respectively. However, in case (B2) we find that the orbit of (a,U )(z) is tangent to {Q = 0} at (a − ,ρ − ). Also we observe that Qρ(a − ,ρ − ) = 0 under the condition (2.18) and
It follows from the mean value theorem that w blows up as z → −∞. Thus, we cannot replace the weighted spaces by the unweighted versions. For the convenience of presenting our stability results, we preserve the weighted form of the function spaces for all cases. Now we introduce the solution space of the problem (3.5), (3.8) as follows:
with 0 < T ≤ ∞. In view of (3.5), we have
Therefore, by the Sobolev embedding theorem, if we let
Thus, Theorem 1.1 is a consequence of the following theorem.
Theorem 3.1. Under the same hypothesis given in Theorem 1.1, there exists a constant ε 1 > 0 such that if E(0) ≤ ε 1 , then the problem (3.5), (3.8) has a unique global solution φ ∈ X(0,∞) satisfying
We notice that, if the perturbation φ fulfills Theorem 3.1, then by (3.4), (φ,ψ) becomes a global solution of (3.3) with (φ,ψ)(z,0) = (φ 0 ,sφ ′ 0 − φ 1 )(z). Therefore, following the existence of the traveling wave, we have the desired global solution of problem (1.6) through the relation (3.2). In addition, the solution of (1.6) is unique in C 0 (0,T ;H 2 ∩ L 2 w ). Therefore, Theorem 1.1 follows from Theorem 3.1. Furthermore, by virtue of L in (3.5), and following (3.10), we have
and it follows that
which is sufficient to imply (3.11). The strategy of obtaining the global existence for φ is the following local existence theorem of φ combined with an a priori estimate.
Proposition 3.2 (local existence).
For any ε 2 > 0, there exists a constant
, with E(0) < ε 2 /2, then the problem (3.5), (3.8) has a unique solution φ ∈ X(0,T 1 ) satisfying
Proposition 3.3 (a priori estimate).
Let φ ∈ X(0,T ) be a solution for a constant T > 0; then there exists a constant ε 3 > 0, independent of T , such that if
then φ satisfies (3.10) for any 0 ≤ t ≤ T .
Note that, since a is sufficiently smooth, the appearance of a does not affect the local existence, so we refer the readers to [2, 6, 12, 26, 29, 33, 36, 39] for Proposition 3.2. Therefore, proving Proposition 3.3 becomes the main task in the following section.
Energy estimates
In this section, we will complete the proof of the stability theorem. The stability result is established by the weighted energy estimates and (1) the smallness of |a + − a − |, |ρ + −ρ − |; (2) entropy condition (1.9); (3) subsonic condition (1.11); (4) modified subcharacteristic condition (1.12); (5) the following properties of traveling wave solutions (a,U,V )(z) (see Lemma 2.2): (a) monotonicity of U (z); (b) |U z | ≥ C|a z | for some constant C > 0. Since the traveling wave solutions in all cases (A1)-(B2) satisfy (5a) and (5b), the weighted energy estimates for all cases are similar. So we only provide the proofs for case (A1).
Lemma 4.1. Under the hypothesis given in Theorem 1.1, there exists a constant C > 0 such that any solution φ ∈ X(0,T ) of problem (3.3) satisfies
for t ∈ [0,T ), 0 < T ≤ ∞, where F is given in (3.6), (3.7).
Proof. In view of w = w(a,U ) > 0 in (1.14), we multiply (3.5) by 2wφ and obtain 2w(a,U )φL(a,φ) = −2F w(a,U )φ.
The left hand side of (4.2) can be reduced to The left hand side of (4.5) is 2 (φ t − sφ z ) t − s(φ t − sφ z ) z − (gρφ z ) z + g m (φ t − sφ z ) z (φ t − sφ z )w + 2 τ (fρφ z + φ t − sφ z )w(φ t − sφ z ) + 2a z wPρφ z (φ t − sφ z ) ={w(φ t − sφ z ) 2 + wgρφ Hence, multiplying (4.5) by 2τ and adding to (4.2), we obtain E 1 φ,(φ t − sφ z ) + E 3 (φ z ) t + E 2 φ z ,(φ t − sφ z ) + E 4 (φ) +2a z {g aρ w + w a (gρ + sg m − s 2 )}φφ z + {···} z = −2F w{φ + 2τ (φ t − sφ z )}, (4.6) where E 1 φ,(φ t − sφ z ) = 2τ w(φ t − sφ z ) 2 + 2wφ(φ t − sφ z ) + 1 τ w + sw z − w z g m φ 2 , E 2 φ z ,(φ t − sφ z ) = 2{w + τ sw z − 2τ w z gρ + τ (wg m ) z }(φ t − sφ z ) 2 + 2(2fρw + 2τ w z gρ − wg m + 2τ wa z Pρ)φ z (φ t − sφ z ) + 2{wgρ + τ s(wgρ) z }φ 2 z , E 3 (φ z ) = 2τ wgρφ 2 z , E 4 (φ) = A(U )φ 2 .
Here A(U ) is defined in (4.3) . The discriminants of the quadratics E j (j = 1,2) are respectively 
